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Abstract

Bayes-tree covariance recovery has existed for many years in the open-source GTSAM library
(Dellaert], [2012; Dellaert and Kaess| |2017)), but the recursive mechanism itself has not previously
been written up. We present the first account of the one-variable and two-variable mechanisms
already present there. For a single queried variable, the Bayes tree T localizes the marginal to
one rootward path through recursive separator marginals. For a pair query, the same recursion
localizes the joint marginal to the two rootward paths meeting at the lowest common ancestor,
together with exact branch-summary conditionals along those paths. We refer to those already-
implemented branch summaries as shortcuts. We then introduce the new structural contribution:
for an arbitrary query set Q, the exact support is the Steiner subtree 7o spanning the queried
cliques, so all off-subtree descendants can be pruned and the existing shortcut idea can be
generalized to compress internal non-branching chains. As a secondary numerical contribution,
we replace dense inversion on the reduced problem by solve-based covariance extraction and
block selected inversion on the reduced square-root factor Rg. Throughout, “exact” means
exact for the fixed linearized Gaussian posterior represented by the Bayes tree. The result is a
query-local account of covariance recovery that separates the long-standing Bayes-tree recursion
from the new arbitrary-query Steiner generalization built on top of it.

1 Introduction

We introduced Bayes trees as a representation for sparse Gaussian posteriors p(x) in robotics
(Dellaert and Kaess, 2017)). Bayes trees are essentially directed clique trees: they orient the clique-
tree constructions familiar from probabilistic graphical models (Koller and Friedman) 2009) and
sparse linear algebra (Blair and Peyton, [1993), and attach a conditional density to each clique. In
earlier Bayes-tree work (Kaess et al., [2010, [2012)), we developed this directed clique-tree view as
an interpretation of multifrontal elimination. It encodes the Gaussian posterior p(x) as a tree of
conditional densities and provides a probabilistic interpretation of sparse square-root factorization.
Each clique stores a conditional density of frontal variables given separator variables, so the full
posterior p(x) is represented exactly while preserving the elimination structure of the factorization.

We seek to recover marginal covariance blocks without ever forming the global covariance matrix.
Let x € R™ be a Gaussian random vector with density

pla) oxexp (IR = dJ?). 1)
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where R is block upper triangular after elimination. The information and covariance matrices A
and 3 are
A=R'R, Y=A1 (2)

Let X denote the collection of multivariate variables that make up the state. The goal is to recover
the marginal covariance on a query set Q@ C X without forming the covariance matrix X.

Recursive covariance recovery on that Bayes-tree representation has been implemented in GT-
SAM for well over a decade (Dellaert) [2012; [Dellaert and Kaess, 2017), but the mechanism itself
has not been described previously. Throughout this report, covariance means covariance of the
Gaussian posterior induced by a fixed linearization point and a fixed elimination ordering, not the
covariance of the original nonlinear factor graph itself. Here we first give a mathematical account
of the recursive Bayes-tree covariance mechanism that was already present for the common |Q| =1
and |Q| = 2 cases. We then build a new arbitrary-query theory on top of those existing mechanisms.

We decompose covariance recovery into query localization and block extraction. The localization
problem asks which portion of the Bayes tree T is forced by the query set @. The numerical problem
asks how to recover only the requested covariance blocks once that portion has been isolated.
Treating these as separate tasks clarifies both the structure and the cost of the computation.

In the experimental sections below, the pre-improvement baseline refers specifically to the older
multi-variable path used when |Q] > 2. It does not refer to the long-standing Bayes-tree recursion
already used for |Q| =1 and |Q| = 2.

The report has four parts. We first describe the existing one-variable query path already
implemented in GTSAM. We then describe the existing two-variable lowest-common-ancestor query
and the exact branch-summary conditionals that we call shortcuts. On top of those cases, we
introduce one new structural contribution and one secondary numerical refinement:

1. an exact Steiner-subtree localization for arbitrary query sets, generalizing the existing one-
path and two-path Bayes-tree queries;

2. a solve-based covariance recovery procedure that avoids dense inversion of the reduced infor-
mation matrix once that structural reduction has been carried out.

Figure [1] previews the full workflow. We start from the full Bayes tree 7, isolate the Steiner
support induced by the query set Q, compress that support, and then recover only the covariance
blocks requested on the resulting reduced system.
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Figure 1: We study covariance queries on a full Bayes tree but compute only on the highlighted support of
the query. The gray cliques belong to the full posterior, the dark red cliques contain queried variables, and
the lighter highlighted cliques are the Steiner support that connects them. We then compress and eliminate
only this support subtree before recovering the requested covariance.

2 Related Work

The closest prior work is selected covariance recovery from a square-root information matrix (Kaess
and Dellaert}, 2009). That paper studies how to recover selected marginal covariance blocks from a
square-root information matrix without forming the full dense covariance matrix . Its motivating
application is data association, and its main technical contribution is a dynamic-programming
procedure on the square-root factor that computes the particular marginal covariances needed by
compatibility tests and related decision rules.

We pursue the same basic objective as in our previous work (Kaess and Dellaert, [2009). Both
viewpoints seek selected covariance recovery from square-root information rather than global co-
variance formation. In that sense, we extend the same agenda rather than replacing it.

The main difference is that we are tree-centric rather than matrix-centric. The 2009 formulation
takes the square-root matrix as the primary object and expresses recovery as a dynamic program
over that factorization. Here, the Bayes tree 7 of our previous work (Dellaert and Kaess, 2017)
is the primary object. This changes the structure of the problem in two ways. First, arbitrary
joint-marginal queries are localized combinatorially by the Steiner subtree spanning the queried
cliques, which shows that all off-subtree descendants integrate out. Second, once the query has
been reduced to a smaller Gaussian system, covariance extraction is treated as a solve or selected-
inversion problem on the reduced square-root factor.

Selected-inverse methods in sparse numerical linear algebra address the closest matrix-side
version of our secondary numerical contribution (Erisman and Tinney, |1975; Lin et al.,[2011)). Those
works ask how to recover specified entries or blocks of a sparse inverse from a sparse factorization
without forming the full dense inverse. Our solve-based recovery is closest in spirit to that line
of work, but we use it only after an exact query-local reduction on the Bayes tree 7. In other
words, selected inversion explains how to recover the requested blocks once a reduced factor exists,
while our main additional claim is that the correct reduced factor is itself query-local and can be
extracted exactly from the clique tree 7.



The Bayes tree itself is well established in the literature (Kaess et al., 2010} 2012; Dellaert and
Kaess| 2017), and GTSAM has long contained a recursive covariance-recovery mechanism built
on that structure (Dellaert, 2012; |Dellaert and Kaess, [2017)). This report describes the existing
one-variable and two-variable mechanisms explicitly and then adds a new arbitrary-query Steiner
generalization on top of that existing idea, followed by a secondary solve-based extraction refine-
ment.

Also related are sparse-precision methods in statistics and robotics (Fresel [2005; Ila et al., 2011}
Zammit-Mangion and Rougier}, 2018} [Sidén et al., [2018)). In robotics, Frese’s approximate sparsity
result and the mixed Kalman-information filter of Ila et al. both exploit structural locality to re-
duce estimation cost, but they do not formulate exact arbitrary joint-marginal recovery on a Bayes
tree. In the Gaussian Markov random field literature, fast variance recovery and covariance ap-
proximation methods exploit sparse precision structure to recover selected uncertainty quantities or
controlled approximations. These works reinforce the importance of locality and selected recovery,
but they remain matrix-centric or approximate, whereas we give an exact clique-tree localization
theorem for arbitrary joint queries and pair it with exact reduced solve-based extraction.

Our earlier work provides the structural language we use throughout (Dellaert and Kaess
2017)), and (Koller and Friedman, 2009} |Blair and Peyton} [1993) make clear the older clique-tree
background on both the graphical-model and sparse-linear-algebra sides. We introduced the original
Bayes-tree formulation and then developed it further in incremental smoothing and mapping (Kaess
et al., 2010 |2012). Our use of that representation is narrower: we use the Bayes tree T as the
mathematical object that identifies the minimal support of a covariance query.

3 Bayes Trees and Existing Local Queries

We now formalize the recursive covariance mechanism that has long been present in the open-
source. GTSAM library (Dellaert} 2012 |Dellaert and Kaess, 2017)). This section describes the
existing |Q] = 1 and |Q| = 2 mechanisms before we introduce the Steiner tree generalization.

3.1 Bayes Tree Representation

A Bayes tree 7 is a representation of a probability distribution by rooted clique conditionals.
Figure |2/ shows this factorization for a Gaussian posterior p(x). Let 7 be a rooted Bayes tree. Each
clique ¢ € C(T) contains two disjoint sets of variables. For a fixed clique, we write its frontal and
separator variable sets as F and S:

FCAX, SCX, FNS =g, (3)

where F are the frontals of the clique and S is its separator with respect to its parent. The
clique conditional is the local Gaussian factor representing one piece of the large multivariate
Gaussian density p(z):

1
pe(F | S) x exp (—2HRC}"+ U.S — dc||2> . (4)
When the clique index matters, we write F. and S.. The full posterior p(x) factorizes as
p(ac) = H pc(]:c | Sc) (5)
ceC(T)

Each state variable appears as a frontal variable in exactly one clique, namely the clique at which
that variable is eliminated. We also write

X.=F.US. (6)
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Figure 2: A Bayes tree represents the posterior as a product of clique conditionals. Each node stores a density
of frontal variables conditioned on separator variables, and multiplying these local conditionals recovers the
global Gaussian posterior. We use this factorization as the starting point for every covariance query.

for the variables in clique c.

3.2 Marginalization

Covariance recovery is a marginalization problem on the posterior p(x). For any subset Y C X,
the marginal density p(zy) on Y is obtained by integrating out the remaining variables:

play) = / p(z) dzy. (7)

In GTSAM terms, this marginalization is carried out on the Gaussian system obtained after lin-
earization and elimination, not on the nonlinear factor graph directly. In principle, this integral can
couple all of the variables outside Y, so direct marginalization does not obviously stay local to the
query. Even when the original Bayes tree is sparse, forming a marginal can destroy that sparsity
and force work that reaches well beyond the queried variables. Since the basic covariance queries
already used in practice are the marginal covariance of one variable and the joint covariance of two
variables, the question is whether the Bayes-tree factorization can answer those queries without
carrying out a global marginalization over the full state. The Bayes tree T does so because rooted
descendant subtrees integrate to one, which keeps marginalization local.

3.3 Existing One-Variable Marginalization

We first state the existing one-variable recursion in the Bayes-tree language. Let ¢ € X be a queried
variable and let ¢(g) be the unique clique whose frontal set contains ¢q. For that clique, write its
frontal and separator sets as F and S§. The marginal on ¢ is obtained from the clique marginal

P(F,8) = pe(q) (F | §) p(S), (8)
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Figure 3: A descendant subtree contributes the identity after its frontal variables are integrated out. This is
a property of the rooted Bayes tree itself. Once a query is fixed, that identity lets us prune any descendant
branch that does not intersect the query support.

followed by marginalization of all variables except ¢:

plag) = / Pete)(F | S)p(S) d(FUS\ {a}). (9)

The only nonlocal term here is the separator marginal p(S), and it is itself computed recursively
from the parent clique. If pa(c) denotes the parent of clique ¢, and if 7, and S. denote the frontal
and separator sets of clique ¢, then

p(S ) /ppa c)( ‘ a(c ( pa(c)) d ((Fpa(c) U Spa(c)) \SC) ) (10)

with the root clique supplying the base case of an empty separator.

The reason this recursion stays local is that off-path descendant branches contribute the identity.
For any clique ¢, let the descendant subtree 7. denote the rooted subtree consisting of ¢ and all
of its descendants. More generally, for any rooted subtree 77, let

Xr= |J (11)
deC(T")

be the variables eliminated in that subtree. Since separators belong to ancestors, S, lies outside
X7.. Applying marginalization to the whole subtree gives

/ I ra(FalSa)dxr, (12)

deC(Te)

and by normalization of conditional densities this integral is identically one:

me(Se) = 1. (13)



Figure [3] shows this pruning identity geometrically. Therefore every descendant branch off the
rootward path from ¢(q) can be replaced by the identity, so only the clique containing ¢ and
its ancestors influence the marginal on ¢. In other words, the single-variable query reduces to
one rootward path together with recursive separator marginals supplied from above. The single-
variable query is thus the degenerate one-path case of Bayes-tree covariance recovery already present
in GTSAM.

3.4 Existing Two-Variable Query via LCA Shortcuts

Figure 4: The two-variable Bayes-tree query is supported on the two rootward paths to the lowest common
ancestor. For a pair query, the relevant cliques are the ones on those two paths, together with their meeting
point at the ancestor clique B.

The two-variable case adds one branching point but remains an existing localized Bayes-tree
query. Consider the two-variable query set Q = {q1,¢2}, and let

ca=clq), c2=clg) (14)

be the cliques containing the queried variables. Let b be the lowest common ancestor of ¢; and cs.
Then the exact support of the pair query is the union of the two rootward paths from ¢; and co to
b. Figure {4] shows this pairwise support explicitly.

The ancestor clique b contributes its clique marginal

P(Fb, Sp) = po(Fo | Sp) p(Sp)- (15)

Each of the two descendant-to-ancestor branches contributes an exact conditional summary of the
queried-clique separator on the ancestor clique variables. This summary was already implemented
in GTSAM, and we refer to it here as a path shortcut. The queried clique conditional itself is
kept separate and is added explicitly later.

To define that shortcut, let u be one of the queried cliques ¢; or ¢z, and let

7(u,b) = (do = u,dy,...,dp =b) (16)



be the unique path from u to the ancestor b, with no branching clique on that path except possibly
u and b. Along this path, the shortcut keeps two interface sets:

{—1

Aup = XN U de , (17)
=0

Bup = Su\ X (18)

The set A, is the ancestor-side interface, namely the branch separator variables already present
in clique b. The set B, is the descendant-side interface, namely the queried-clique separator
variables that must still be represented below the ancestor after the strict path is compressed. Let

-1
Zyp = U Xa; |\ (Aup U Bup) (19)
j=1
collect the internal path variables that are integrated out. The path shortcut is then
(-1
Xu—sb(Bup | Aup) = /de]- (Fa; | Sa;) dZup- (20)
j=1

This shortcut is therefore an exact Gaussian conditional obtained by eliminating the strictly internal
path variables while retaining only the ancestor-side and descendant-side interfaces. When B,,; = 0,
the shortcut is trivial and contributes no factor. The queried-clique conditional p,(F, | Sy) is not
part of the shortcut and must be included explicitly in the final pairwise assembly.

For the two-variable query Q = {qi1,q¢2}, the joint density is therefore assembled from the
ancestor clique marginal p(Fy,Sp), the two queried-clique conditionals pe, (Fe, | Se,) and pe, (Fe, |
Se,), and the two path shortcuts x., -4 and xc,—p. When neither queried clique already equals b,
the pair marginal can be written as

p(q1,q2) = / P(Fb,Sb) Xey—sb(Bey o | Aey b) Xea—sb(Beab | Acy )

DPcy (-7:61 | 801)1902 (]:02 ’ 802)
d ((Xb U 801,17 U BC2,b U ]:01 U ‘FCQ) \ {QL QQ}) .

This is the existing two-variable Bayes-tree marginalization in its localized form: the ancestor clique
contributes the shared coupling, each descendant branch contributes one queried-clique conditional
together with at most one shortcut, and everything else on the support is integrated out. The
single-variable case above is the degenerate version with one branch, while the present two-variable
case is the existing two-branch path-union case. If one queried clique already equals the ancestor
clique b, then its conditional is already contained in p(Fy,Sp), and the corresponding shortcut and
extra queried-clique factor are omitted.

Figure |5| shows these sets for an example with query Q@ = {z1,2z7}. In that test, ¢; = Cj,
¢y = C4, and the lowest common ancestor is b = Cy with A, = {z5, 26, 24}. On the left branch,
Acs.cr = {24}, Bey,oo = {22}, and Z¢, 0, = {z3}, so the shortcut is xcy—c, (22 | z4) and
the queried-clique factor is poy(z1 | 2). On the right branch, Ac, ¢, = {x6}, Beyc, = 0, and
Zc,.c, =0, so the shortcut is trivial and the branch contributes only pc, (z7 | z6).

The same balanced tree also exhibits the ancestor-clique edge case. For the query Q = {z4, 21},
the clique ¢; = (] is already the ancestor of co = C3, so b = (1. In that case the x4 branch
contributes only through the ancestor clique marginal p(F¢,, Sc,): there is no nontrivial shortcut
Xc,—c, and no extra queried-clique factor for C;. The only nontrivial descendant branch is still
the shortcut xcy,—cy (72 | 4) together with the queried-clique conditional pey (71 | z2).

(21)



Q= {x1,27}

{z5,z6, x4}

{z3, 22 : 24} @ {z7 : 26}

{z1 : 22}
Cg—)Cl C’4_)(71
A= {zy} A= {=zg}
B ={z2} =0
Z ={=3} Z=0
x(z2 | 4) x =1

Figure 5: Worked two-variable example. The lower branch panels list the interface sets and shortcut for
each rootward path to the ancestor clique C.

4 Arbitrary Query Support via Steiner Subtrees

The two-variable case already identifies the support as the union of the two rootward paths to the
lowest common ancestor. For larger query sets Q, the natural extension is the minimal connected
subtree spanning all queried cliques. Every query set Q induces a unique minimal supporting
subtree. Let @ C X be a nonempty query set. For each query variable ¢ € Q, let ¢(q) be the
unique clique whose frontal set contains ¢q. Define the support cliques

Co ={c(g) : g € Q}. (22)

Definition 1 (Steiner subtree). The Steiner subtree 7o C 7 is the minimal connected subtree
whose clique set contains Cg.

Because the ambient graph is already a tree, the Steiner subtree 7g is just the union of rootward
paths from the support cliques Cq. Figure [6] shows this minimal support. Since 7T is a tree, Tg is
simply the union of the rootward paths from all cliques in Co to their common branching structure.

This definition is the exact extension of the earlier one-variable path case and the two-variable
lowest-common-ancestor case to arbitrary query sets.

4.1 Localization Principle

The marginal p(xg) on a query set Q depends only on the cliques in its Steiner subtree To.

Theorem 1 (Localization to the Steiner subtree). Let Q@ C X be a query set and let Tg be the
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Figure 6: The Steiner subtree is the exact support of a joint-marginal query. The highlighted cliques are the
minimal connected subtree spanning the query cliques, and every gray branch outside that subtree integrates
out by the pruning identity. The localization theorem states that the query marginal depends only on this
highlighted structure.

corresponding Steiner subtree. Then the marginal density on Q can be written as
pleo)= [ I pe(FelSe)d(Xr\ Q). (23)
ceC(Tg)
All cliques outside Tg integrate out to one.
The proof is a repeated pruning argument on off-subtree descendants.

Proof. Consider any child subtree 7, attached to a clique b € Tg such that no clique of 7, belongs
to Cg. By definition of Tg, every variable in Q lies outside X7,. Hence

/ H pc(fc ‘ Sc) dX% = 1. (24)
c€C(Tu)
Applying this elimination to every maximal off-subtree descendant yields the claim. O

This theorem is the first new structural step beyond the existing one-variable and two-variable
mechanisms. It identifies the exact support of an arbitrary joint query. Operationally, this is the
step that extends the long-standing localized |Q| = 2 path to arbitrary |Q|, replacing the older
multi-query fallback that re-eliminated the Gaussian system globally.

4.2 Generalizing Existing Shortcuts to Steiner Compression

Once the support has been reduced from the full tree 7 to the Steiner subtree Tg, the existing
pairwise shortcut idea extends directly to arbitrary Steiner trees. The next step is to compress
internal chains of cliques that do not themselves contain query variables and are not branch points.

10



The path-shortcut definition above already summarizes a non-branching chain by a single condi-
tional over its interface to the ancestor clique. On a Steiner subtree, we apply that same construction
to every maximal non-branching chain. The exact interface partition is less important than the
fact that the whole chain has been replaced by one exact shortcut. What matters is that the path
is compressed into a conditional over the interface it presents to the ancestor clique.

before after

Xu—b

OO0

Figure 7: Path compression replaces a nonbranching clique chain by one shortcut conditional. The chain on
the left and the compressed connection on the right induce the same query marginal, but the compressed
form has fewer internal cliques and therefore a smaller reduced problem. This is the generalized form of the
shortcut idea already used in the pairwise Bayes-tree query.

After path compression, the query set Q is supported on a reduced tree containing only struc-
tural necessities. Figure [7] shows how a whole nonbranching chain is replaced by a single shortcut
Xu_sb- After compressing all maximal nonbranching chains, one obtains a reduced query tree
7@9 whose clique set contains only:

1. cliques carrying query variables,
2. branch cliques required to connect them,
3. the lowest common ancestral structure needed by the query.

The reduced tree 7\'@ gives an exact factorization of the query marginal p(zg). The marginal
on @ is then

oo = [| L o) | T s ] dixn, ) (25)

beC(To) (u—b)EE(TQ)

where ¢, denotes the local clique conditional or clique marginal retained at node b.

The computational benefit is that query cost now scales with the Steiner subtree 7o rather than
the full problem. Let w(7g) denote the maximum frontal-plus-separator block size encountered
inside the Steiner subtree 7g. Then the query reduction cost scales with the geometry of 7o, not
with the size of the full tree 7. If the query set Q is small and spatially localized, then Tg is
typically much smaller than 7.

11



The main practical consequence is that overlapping queries can reuse the same compressed
structural support. This improves on any method that re-eliminates the full graph for every multi-
variable query. The gain is especially pronounced when many queries overlap, because the gener-
alized branch and path shortcuts may be reused across related query sets.

5 Covariance Recovery without Dense Inversion

After the existing localized Bayes-tree recursion has been generalized to arbitrary queries through
Steiner support reduction, a separate numerical question remains: how should covariance blocks
be extracted from the reduced system? Our secondary contribution is to replace dense inversion
on that reduced problem by solves on the reduced square-root factor Rg. Assume the structural
reduction above has produced an exact reduced Gaussian system p(xzg) on the query variables:

1
p(rg) ox exp (—QHRQﬂfg - dg\2> : (26)

with
Ag =R5Rg,  Sg=Ag" (27)
The conventional approach forms the reduced information matrix Ag and computes the reduced
covariance matrix Yo by dense inversion. We replace this by triangular solves or selected inversion.
Selected covariance columns are solutions of a reduced linear system. Let E € RICIXF be a block

column selector whose columns are standard basis vectors corresponding to the variables or blocks
of interest. The selected covariance columns

SoF (28)

solve
AoX =FE. (29)

Because Ag = RERQ, this is equivalent to the pair of triangular systems

RLY =F, (30)

RoX =Y. (31)
Hence

X =3gF. (32)

This formulation computes exactly the columns that the query asks for. Diagonal blocks are ob-
tained by selecting the basis vectors associated with those blocks. Cross-covariance blocks between
two variable sets I and J are obtained by selecting ' = F; and reading rows [ from X.

When many overlapping blocks are needed, selected inversion is the natural block generalization
of repeated solves. Consider a block partition

_|Ri1 Rao
ro= [Tt 7. (33)

induced by the elimination order. Then

_ R'Ry" + R} RioYee RLR," — Ry Ri2%as

by _ 5

(34)

12



where

Yo = (RypRa) ™" (35)

This identity yields a backward recursion from leaves to root that computes exactly those blocks
of ¥ that are coupled by the reduced elimination structure.

The selected-inversion viewpoint matters because most queries do not ask for the full dense
covariance matrix g on the reduced state xg. What is required is a specified set of covariance
blocks, and those blocks can be propagated through the reduced factorization directly.

The numerical consequence is that dense inversion becomes unnecessary even after structural
reduction. The solve-based approach has three advantages:

1. it avoids dense inversion, which is numerically less attractive than triangular solves;
2. it preserves sparsity longer by operating on Rg rather than on a dense Hessian;

3. it permits partial covariance extraction when the user needs only diagonal or a few off-diagonal
blocks.

~

To elim >@ solve > YoF

requested blocks

Figure 8: Solve-based extraction separates structural reduction from numerical recovery. After the reduced
query tree has been eliminated to a reduced square-root factor Rg, the method does not form a dense inverse
of Ag = R—Q'—RQ. Instead, triangular solves or selected inversion recover exactly the covariance columns and
blocks requested by the query.

Figure [§] summarizes this second stage. Once the query set Q has been reduced structurally,
covariance recovery proceeds by triangular solves or selected inversion on the reduced square-root
factor Rg rather than by dense inversion.

6 Combined Query Algorithm

The existing local recursion, the new Steiner generalization, and the secondary solve-based extrac-
tion step combine into a two-stage query procedure.
Stage 1: combinatorial localization
The first stage isolates the exact reduced structure needed by the query set Q. Given Q:
1. identify the support cliques Co;

2. form the Steiner subtree To;
3. prune all off-subtree descendants using the localization theorem;
4. compress maximal nonbranching paths into path shortcuts;

5. assemble the reduced query tree ?Q and eliminate internal variables not in Q.

13



Stage 2: numerical covariance extraction

The second stage extracts only the covariance entries that the query set Q requests. Given the
reduced square-root factor Ro:

1. if the full covariance on Q is needed, use block selected inversion on Rg;
2. if only specified blocks are needed, solve
RLY=FE, RoX =Y, (36)
and extract the requested rows and columns from X.

The result is that structure and numerics are now separated cleanly. This separates the struc-
tural question, “which part of the tree matters,” from the numerical question, “which covariance
entries are needed.”

7 Complexity Discussion

The complexity is governed by the reduced query geometry and by the number of requested covari-
ance columns, not by the size of the full state. Let IV be the size of the full problem, let M be the
size of the reduced query system after Steiner compression, and let k£ be the number of requested
covariance columns.

e A global dense inversion has cost cubic in N and destroys sparsity.

e Re-eliminating the full graph for each query retains sparse elimination but still pays a global
combinatorial cost.

e The structural contribution reduces elimination to the query-local size M by localizing arbi-
trary queries to their Steiner support and compressing that support by generalized shortcuts.

e The secondary numerical improvement replaces dense inversion on the reduced problem by
either:

1. block selected inversion on the reduced factorization, or

2. two triangular solves per requested covariance column.

The consequence is a query-local cost model. Thus the overall cost is governed by the size and
width of the Steiner subtree 79 and by the number of requested covariance blocks, rather than by
the total state dimension.

8 Experimental Results

We benchmarked the implemented algorithms on the simulated Manhattan pose-graph datasets
w100, w10000, and w20000 introduced by Olson et al.| (2006) and used again in previous work
(Kaess et al.l2010). For each dataset, we anchored the first pose with a tight prior to remove gauge
freedom, obtained a reference estimate by processing the measurements sequentially with iISAM?2,
linearized once at that estimate, and then timed only covariance queries on the resulting Gaussian
system. We evaluated local windows, wide-separated query sets, and overlapping windows under
both COLAMD and METIS orderings. For the local single-pose, pair-pose, and contiguous-window

14



families, the sampled starts were spaced evenly across the full valid trajectory range rather than
drawn from only the earliest windows. Each distinct query was run once as an untimed warmup
and then 10 times as measured repetitions. The timing summaries below report the median across
the sampled queries in each bucket, where each query contributes its mean time over those repeated
runs. The structural summaries use the same median-across-queries aggregation. Here |Q| counts
Pose2 variables, whereas the reduced-state dimension later counts scalar degrees of freedom in the
reduced Gaussian system.

Overview

e The historical recursive Bayes-tree mechanism already handled the common |Q| = 1 and
|Q| = 2 cases locally in GTSAM, which is why the gains there are modest; see Section

e The large speedups begin once |Q| > 2, where the new Steiner generalization replaces the older
multi-key fallback to global re-elimination of the linearized Gaussian system; see Section

e Ordering matters because it changes the size and width of the Steiner support, not because
it changes the cost of a fixed dense linear-algebra kernel; see Section [8.3

e Support geometry is the right predictor of covariance-query cost, but clique counts alone
are not enough: separator width explains the remaining dataset-to-dataset differences; see

Section [8.41

e The striking w10000 versus w20000 gap comes from different local support inflation and
separator widths along the sampled windows, not from the larger graph being intrinsically
easier; see Section

e In the new sequential ISAM2 experiment on w20000, update cost spikes much more than
the pairwise covariance query cost, while the {xg,x;} query itself remains in a stable few-
millisecond band after the path is established; see Section

8.1 Baseline Queries: |Q| =1 and |Q| =2

We begin with the query sizes that were already optimized by the existing recursive Bayes-tree
mechanism before the present Steiner generalization. Figure[9]shows that single-pose and pair-pose
queries stay in the same sub-millisecond regime across all four variants. The lower absolute times
on w20000 should not be read as a graph-size effect: for these already-local queries, the cost is
governed mainly by the local Bayes-tree/clique geometry around the sampled poses, not by the
total number of poses in the dataset. For |Q| = 1, where all methods reduce to the same marginal-
factor computation, replacing dense inversion by solve-based recovery mainly affects the extraction
term rather than the total time: on w10000 with COLAMD the extraction step drops from about
0.000331 ms to about 0.000181 ms, while the total time moves only from about 0.0250 ms to about
0.0239 ms. On w20000 with COLAMD, the extraction term similarly drops from about 0.000367
ms to about 0.000200 ms, while the total time stays near 0.0088-0.0092 ms. These changes are
necessarily small because the extracted matrices are already only 3 x 3.

The pairwise case confirms that the generalized method does not penalize the older common
Bayes-tree query. For |Q| = 2, all variants again remain tightly clustered: for example, on w10000
with COLAMD they range only from about 0.1199 ms to about 0.1314 ms, and on w20000 with
METIS they range only from about 0.0449 ms to about 0.0472 ms. This is the right baseline for
the later results. The large gains do not start at |Q| = 1 or |Q] = 2 because those queries were
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Figure 9: Baseline common queries remain in the same performance regime. For |Q| = 1 and |Q| = 2 on
w10000 and w20000, all four variants cluster tightly on the log scale because these cases were already local
in the pre-improvement baseline. The absolute difference between the two datasets reflects local Bayes-tree
geometry near the sampled poses rather than the total graph size. Solve-based extraction yields only modest
gains here, which is exactly why the much larger speedups in the later figures should be read as a correction
to the older |Q| > 2 path rather than as a blanket acceleration of every covariance query.

already handled by the recursive Bayes-tree mechanism. They start exactly where the older multi-
key baseline left that mechanism and reverted to global re-elimination of the linearized Gaussian
system. The same w10000 versus w20000 separation already visible here is explained more fully in
Section [8.5] where we relate it to clique size and separator width along the trajectory.

8.2 Local Joint Queries

Local 10-pose query Wide-separated 10-pose query
I S S . Q_.5_3_.——05—1—o .
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Figure 10: The w100 pose graph makes the benchmark query families concrete. The left panel highlights
a contiguous 10-pose local window, while the right panel highlights a 10-pose wide-separated query spread
across the map. These two query shapes induce very different Steiner supports and therefore very different
covariance-query costs.

We now look at larger queries with |Q| > 2. Figure [10| shows a small Manhattan-world pose
graph with 100 poses, together with two representative 10-pose queries from the benchmark families:
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Figure 11: Steiner localization removes most of the cost for local joint covariances. For local windows on
w10000 and w20000, both Steiner-based variants are much faster than both pre-improvement variants, while
the dense-versus-solve choice only changes the remaining small extraction cost. This figure shows that the
new Steiner generalization is the main reason the method improves on the earlier multi-key baseline for
larger joint queries.
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a contiguous local window near the center of the trajectory and a wide-separated query that spans
the full map. These are small enough to visualize directly but already capture the two extreme
support geometries that drive the larger timing trends.

Local window queries show that the Steiner generalization removes the global re-elimination
cliff. Figure [11] shows that on w10000 with COLAMD, the combined Steiner-plus-solve method is
about 37x faster than the pre-improvement dense baseline for 10-pose local windows and about
19x faster for 20-pose windows. On w20000, the same comparison yields about 174x and 49x
speedups. These gains occur because local windows keep the support close to the query itself, so
the localized computation avoids the tens of milliseconds spent by the full re-elimination fallback
used by the earlier multi-key path. Within each Steiner-localized variant, replacing dense inversion
by solve-based extraction yields a smaller additional gain by reducing only the remaining recovery
step on the reduced system.

8.3 Ordering Sensitivity

- COLAMD /legacy dense  =—@= COLAMD / steiner solve
- M- METIS /legacy dense METIS / steiner solve

w10000 w20000
B e ol e ot ot il kel lalsl L, |
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Median per-query mean time (ms)
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Figure 12: Ordering changes query cost through support geometry, and the dense pre-improvement baseline
shows that this effect is specific to the localized method. The plotted runtimes compare the pre-improvement
dense variant and Steiner solve for local-window joint covariances under COLAMD and METIS. The dense
baseline is nearly flat across orderings, whereas the localized method reflects how each ordering reshapes the
support subtree.

Ordering matters because it changes the geometry of the Steiner support rather than just the
cost of a fixed numerical kernel. Figure [12] shows that the dense pre-improvement baseline stays
in the same tens-of-milliseconds range under both COLAMD and METIS, whereas the localized
method moves with the support geometry induced by the ordering. For the local-window queries
shown here, both orderings keep the support close to the query size, so the localized method is
cheap under either ordering. On w10000, a 20-pose local window drops from about 2.87 ms under
COLAMD to about 1.68 ms under METIS even though the median support changes little (24 cliques
versus 25.5). The reason is width: the median maximum separator dimension drops from about
115.5 to about 94.5. On w20000, the same comparison drops from about 0.710 ms to about 0.293 ms
as the median support shrinks from 35 to 24 cliques and the median maximum separator dimension
drops from about 18 to about 16.5. The same structural principle becomes more consequential
on less local queries, where both support size and support width can vary more strongly with the
ordering.
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8.4 Support Geometry Predicts Query Cost
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Figure 13: Support geometry predicts localized query cost. Local windows keep the support close to the
query size, whereas larger or less local queries inflate the support and only then require substantial work.
The plotted reduced-state dimension is the total variable dimension of the localized Gaussian system after
support extraction and path compression. The maximum separator dimension measures the widest separator
encountered on the localized support and captures width effects that clique counts alone miss. All structural
curves are medians across the sampled queries in each benchmark bucket. The timing curves in Figures
and @ follow these support and width statistics closely.

Support statistics explain when localization helps and when it can still be expensive. Figure [I3]
shows this relationship directly. For local windows, the support clique count, the compressed
clique count, and the reduced-state dimension all stay in the same rough range as the query size,
which is why local queries become cheap. Here the reduced-state dimension means the total scalar
dimension of the reduced Gaussian system that remains after pruning away off-support branches
and compressing internal paths, so a 20-pose query starts at 60 scalar degrees of freedom before
any extra branch or separator variables are retained. For wide-separated queries, the support can
expand far beyond the number of queried variables, especially under COLAMD on the larger grids.
The maximum separator dimension is the complementary width metric: it explains why two query
families with similar support counts can still differ substantially in runtime. Support geometry
therefore means both how much of the Bayes tree is touched and how wide that touched portion
becomes.

8.5 Why w20000 Can Be Faster Than w10000

Figure [14] resolves the most surprising batch result. The earlier benchmark over-sampled only the
first windows in each dataset. After resampling local windows evenly across the full trajectory,
w20000 is still often faster than w10000, but now the reason is visible in the support geometry.
For 10-pose windows under COLAMD, w20000 reaches exact support (|Tg| = |Q|) on 7 of the
16 sampled windows, whereas w10000 does so on only 2. The median support ratio is therefore
about 1.2 for w20000 and about 1.45 for w10000. Width matters even more strongly: the median
maximum separator dimension is only about 13.5 on w20000 but about 88.5 on w10000. That
difference is what turns the median 10-pose local window from about 0.228 ms on w20000 into
about 1.20 ms on w10000.

Figure [15] shows the same effect in the final optimized trajectories. The w10000 trajectory en-
counters several neighborhoods whose poses live in much larger Bayes-tree cliques, while w20000
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Figure 14: The revised trajectory-wide local-window samples explain why w20000 can still be faster than
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used in the earlier benchmark. The right panel plots the same per-query times against support ratio. w20000
more often stays near support ratio 1 for 10-pose windows, and for larger windows it retains much smaller
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Figure 15: Final optimized trajectories for w10000 and w20000, colored by the size of the COLAMD Bayes-
tree clique containing each pose. The two panels share one color scale. Several neighborhoods in w10000 pass
through much larger cliques, whereas w20000 stays dominated by smaller cliques even though the trajectory

is longer.
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remains dominated by smaller cliques along most of the path. That trajectory-level view is consis-
tent with the baseline |Q| =1 and |Q| = 2 results above: even the already localized legacy queries
inherit the local clique geometry of the elimination tree.

The 20-pose case is the clearest example that clique counts alone are not enough. There, w20000
actually has the larger median support count (35 cliques versus 24 on w10000), yet it is still faster
(0.710 ms versus 2.87 ms). The reason is again width: the median maximum separator dimension
is about 18 on w20000 but about 115.5 on w10000. In other words, the larger grid is not faster
because it is larger. It is faster on these sampled local queries because its localized supports stay
narrower in the elimination tree.

8.6 Incremental iSAM2 Querying on w20000
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Figure 16: Sequential iSAM2 timing on w20000 with the pairwise joint covariance query {xg,z;} after every
update. The light traces show raw per-step timings, while the dark curves show a rolling median over 100
steps. The update cost spikes when relinearization and re-elimination affect larger portions of the tree,
whereas the covariance query remains in a much tighter few-millisecond band once the path to the current
pose becomes long.

The incremental viewpoint is of independent interest because iSAM2 maintains, edits, and
relinearizes a Bayes tree over time rather than working with one fixed tree (Kaess et al., 2011}
. For a query-local covariance method, this raises a natural question: as the tree evolves,
how does the cost of a fixed pairwise covariance query evolve with it? To answer that question, we
processed w20000 sequentially, timed each iISAM2 update once, and then timed the pairwise joint
covariance query Cov(xg,x;) with one warmup and five measured repetitions. Figure |16|shows the
corresponding timing traces over all 20,061 poses. The update times fluctuate much more than
the query times. Over the full run, the median update time is about 0.380 ms, but it reaches a
maximum of about 81.3 ms. The rolling median is only about 0.011 ms around step 100, rises to
about 4.54 ms near step 5,000, and falls back below 1 ms by about step 10,000.
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The covariance query is steadier. After the first short-path phase, the {x¢, z;} query settles into
a few-millisecond band: the full-run median is about 3.48 ms, with rolling medians of about 3.94 ms
near step 1,000, 3.83 ms near step 5,000, and about 2.78 ms near the end of the run. Structurally,
this is because the pairwise Bayes-tree mechanism keeps the compressed problem fixed at two
cliques and a 6-dimensional reduced state, even though the uncompressed support can grow long
along the tree and reaches over 1,400 cliques at its maximum. The update cost therefore reflects
incremental relinearization and partial re-elimination, whereas the query cost reflects traversal of
an increasingly long but aggressively compressed pairwise support. This stable query behavior is
therefore consistent with the role of shortcuts: although the path from the current pose to the root
changes over time, the pairwise query continually compresses that growing path to a very small
reduced system.

£— 101, |7u] — 100 t=5016. |70l = 560 £=10031. |7u] =210 t=1504a6. |7u] =Aa3 t=20061. |7ul =214
170l = 2. max|s| =3 170l = 2, max|sS| = 24 1721 = 2. max|sS| = 90 170l = 2. max|s| = 72 170l = 2, max|sS| =93

Figure 17: Five compressed-support snapshots for the pair query {zg, x:} during the sequential w20000 run.

Each edge represents one shortcut-compressed chain of support cliques, and the edge label gives the number
of raw support cliques absorbed into that shortcut segment.

Figure explains the favorable query timings. The exact support may contain hundreds of
cliques, but after shortcut compression the pair query remains a tiny path-shaped reduced object
with only two retained query nodes and one compressed segment between them. The evolving
query support stays narrow even when the underlying support path becomes long, which is exactly
the geometry for which shortcut compression is most effective.

9 Discussion and Future Work

We contribute both a written account of the existing Bayes-tree covariance mechanism and one new
structural generalization built on top of it. The recursive one-variable and two-variable procedures
have been present for years in the open-source GTSAM library (Dellaert, 2012; Dellaert and Kaess,
, but had remained largely implicit. Writing them down makes the method easier to analyze,
compare, and extend. The central new step is exact structural localization to the Steiner support To
for arbitrary query sets Q, while solve-based extraction remains a secondary numerical refinement
on the reduced covariance matrix 3¢ after that structural localization.

One direction is to combine Bayes-tree shortcut reuse with richer selected-inverse machinery
on the reduced system. The current formulation already isolates the exact query support Tg,
but repeated overlapping workloads should admit stronger reuse of both structural compression
and numerical block recovery than either the historical formulation or the present query-by-query
formulation.

A second direction is to develop controlled approximations on top of the exact theory. The
related work on approximate sparsity and sparse-precision covariance approximation
[Sidén et al., |2018)) suggests that large long-range queries may admit error-controlled truncations or
ordering-aware support design rules. An exact Steiner-subtree theory, now paired with a written
account of the existing recursive mechanism, provides a baseline against which those approximations
could be measured.
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10 Conclusion

Bayes-tree covariance recovery can be understood in three layers. The first is the recursive Bayes-
tree mechanism itself, which has long existed in GTSAM for one-variable and two-variable queries
but had not previously been described. The second is the new structural contribution introduced
here: the support of an arbitrary query set Q is the Steiner subtree 7o spanning the queried cliques,
together with the generalized shortcut compression of its internal non-branching paths. The third
is the secondary numerical contribution: covariance blocks should be recovered by triangular solves
and block selected inversion on the reduced square-root factor Rg, not by dense inversion of the
reduced information matrix Ag.

The experiments give a practical summary. Steiner localization is the main source of speedup on
realistic Manhattan pose graphs, often reducing local joint-covariance queries by two to three orders
of magnitude, while solve-based extraction contributes a smaller but meaningful second gain on the
reduced joint systems produced by that localization. Taken together, the existing local Bayes-tree
recursion, the new Steiner generalization, and the solve-based extraction step yield a query-local
account of covariance recovery: local in the combinatorial sense, because only the Steiner subtree
To is touched, and local in the numerical sense, because only the requested covariance blocks are
computed.
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